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Trailing vortices have been repeatedly shown to exhibit a remarkably robust self-
similarity independent of the Reynolds number and upstream boundary conditions.
The collapse of the inner-scaled circulation profiles of a trailing vortex has even been
previously demonstrated for the cases of highly unsteady and turbulent vortex sys-
tems, as well as for vortices which were incompletely developed. A number of factors
which contribute to and may artificially promote this self-similarity are discussed. It
is shown that the amplitude of vortex ‘wandering’ (or the random modulations in the
vortex trajectory) observed in some experimental measurements are of sufficient am-
plitude to cause any arbitrary finite and axisymmetric flow structure to collapse with
an idealized trailing vortex when scaled on inner parameters. It is further shown that,
for the case of an incompletely developed wing-tip vortex, similarity in the outer core
region may be an artefact of the rate of roll-up of the vortex sheet. Great care must
therefore be taken when interpreting experimental measurements of vortex flows.
a)Electronic mail: d.birch@surrey.ac.uk
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I. INTRODUCTION
Vortex flows have historically been of significant interest, both because of their relevance
to industrial and aeronautical applications as well as their fundamental importance to all
turbulent flows. More recently, wing-tip vortices have received particular attention, owing to
their contribution to aircraft fuel burn and atmospheric carbon emissions and their impor-
tance in determining the minimum aircraft separation distances that limit airport capacity.
While the mechanisms behind the formation and development of the trailing vortices
behind wing-tips or vortex generators is already well understood (see, for example, the
reviews of Widnall 1 , Spalart 2 and Kroo 3 , and references cited therein), the role of turbulence
and its effect on developing vortices is not as clear.
There is compelling evidence that turbulence plays only a passive role in vortex devel-
opment. The radial profile of tangential velocity within the highly vortical inner core is
nearly linear, so that the flow is expected to be dominated by viscosity, rapidly dissipating
any turbulence occurring within that region. This ‘inactive core’ model is supported by
a number of experimental studies at reasonably high Reynolds number, including those of
Phillips and Graham 4 , Devenport et al. 5 and Chow et al. 6 . On the other hand, some studies
(such as those of Green and Acosta 7 , Sarpkaya 8 , Beninati and Marshall 9 and Birch and
Lee 10 , amongst others) have demonstrated very high levels of turbulence within a vortex
core, suggesting dissipation rates inconsistent with the inactive core model.
Though it is possible that the persistence of turbulence within a vortex core stems from
a combination of high turbulence levels in the generating boundary layers and insufficient
streamwise development, it has also been suggested that these conflicting observations may
be indicative of the presence of coherent structures transported within the vortex. The
velocity statistics of Bandyopadhyay, Stead, and Ash 11 , for example, showed high levels
of turbulent stresses within a vortex alongside evidence of local relaminarization, consis-
tent with the existence of convected secondary structures within the vortex. Indeed, given
that vortices and boundary layers are known to be analogous12,13, and there is evidence of
transport within boundary layers by large, transient structures14, it would be reasonable to
suspect some similar mechanism within turbulent vortices.
The scaling of turbulent vortex flows, however, has received relatively little attention
compared to turbulent boundary layers. Based on dimensional arguments alone, Hoffman
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and Joubert 15 demonstrated that turbulent vortices should be expected to exhibit a universal
inner-scaled circulation profile of the form
Γ(η)
Γc
= A0η
2 0 ≤ η . 0.4 (1)
Γ(η)
Γc
= 1 + A1 ln(η) 0.5 . η . 1.4, (2)
where Γ is the circulation, η = r/rc is the nondimensional radial coordinate, and rc and
Γc are the vortex core radius and core circulation, respectively (so that Γ(1) = Γc). By
fitting (1) and (2) to experimental data, the constants A0 and A1 were found to be 1.83
and 0.929, respectively. Alternatively, Phillips 16 solved the Reynolds-averaged momentum
equation subject to the usual line-vortex boundary conditions. A universal circulation profile
emerged in the form of a polynomial in η2, as
Γ(η)
Γc
=
n∑
k=1
Bkη
2k 0 ≤ η . 1.3, (3)
where Bk are constants. By a process of inner and outer matching, and requiring continuous
velocities and velocity derivatives, unique values of Bk emerged. The first three of these
coefficients were found to be B1 = 1.7720, B2 = −1.0467 and B3 = 0.2747.
The Hoffman and Joubert 15 and Phillips 16 models agree well with each other, and there
is a large amount of experimental data in support of them; see, for example, Ramaprian
and Zheng 17 , Birch et al. 18 , and references cited therein. Moreover, the collapse has been
shown to be remarkably robust, and insensitive to either free-stream turbulence (Bailey and
Tavoularis 19 ; see Figure 1) or unsteadiness10.
It is, however, interesting to note that laminar vortices also exhibit inner-scaled circulation
profiles in close agreement with (1), (2) and (3). For example, the Batchelor 20 q-vortex,
having a tangential velocity profile given by
vθ(η) = v0
(
1 +
1
2α
)
1
η
(
1− exp(−αη2)
)
, (4)
(where v0 is the peak tangential velocity and α is defined by the transcendental e
α = 1+2α,
yielding α ≈ 1.25643), has a normalized circulation profile of
Γ(η)
Γc
=
1− exp(−αη2)
1− exp(−α) , (5)
which can be expanded as
Γ(η)
Γc
=
n∑
i=k
(−1)k+1
k!
αk
1− exp(−α) η
2k. (6)
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FIG. 1. Normalized circulation profiles. ◦, Bailey and Tavoularis 19 ; •, Phillips and Graham 4 ;
——, (1) & (2); – – –, (3); - - -, (5).
This series expansion yields coefficients of 1.7564, −1.1034 and 0.4621 for k = 1, 2 and
3, respectively, which are in close agreement with those found by Phillips 16 . One impor-
tant implication of the above is the close approximation of (2) by (6); consequently, unlike
the case of boundary layers, the existence of an apparent logarithmic region in the inner-
scaled circulation profile is not necessarily indicative of well-developed, scale-independent
turbulence within a vortex.
II. SIMILARITY OF TANGENTIAL VELOCITY PROFILES
For the case of axisymmetric vortices, the circulation may be simply evaluated as the
integral of tangential velocity around a circular path. The tangential velocity may therefore
be expressed in terms of the circulation as
vθ(η)
vθ(1)
=
1
η
Γ(η)
Γc
. (7)
where vθ(1) is the peak tangential velocity. Similarity of the circulation profiles therefore
implies, for axisymmetric vortices, similarity of the tangential velocity profiles. The tangen-
tial velocity profiles, however, will be more sensitive to variations owing to the additional
factor of 1/η. Substituting (3) into (7), then, yields a ‘universal’ tangential velocity profile
of
vθ(η)
vθ(1)
=
n∑
k=1
Bkη
2k−1 0 ≤ η . 1.3. (8)
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It should be noted that no constraints have yet been placed on the coefficients Bk. If vθ is
truncated at the fifth order (so that Bk = 0 for k ≥ 4), little precision is expected to be lost
for η . 1.2 (see Phillips 16). However, because vθ(1) is, by definition, the local maximum of
vθ(η), the truncation then constrains B2 and B3 as
B2 =
5
2
− 2B1
B3 = −
3
2
+ B1, (9)
and B1 (or the radial gradient of the tangential velocity at η = 0) is restricted to values less
than 1.875. Because (8) agrees well with several sets of experimental results10,17,19 as well as
with (4), demonstrating collapse of the inner-scaled circulation distribution over 0 ≤ η . 1.3
is equivalent to demonstrating good agreement between the inner-scaled velocity profile and
(8).
Tangential velocity profiles may similarly be obtained from Equations (1) and (2), as
vθ(η)
vθ(1)
= A0η 0 ≤ η . ηi (10)
vθ(η)
vθ(1)
=
1
η
+
A1
η
ln η ηi . η . ηo, (11)
where ηi and ηo are, respectively, the range of the inner and outer scaling. However, when
expressed in this form, it becomes clear that (11) is, to some extent, inconsistent: if it is
assumed that ηi . 1 . ηo (and, of course, that rc is an appropriate inner length scale for
a turbulent vortex), then (11) is required to have a local maximum at η = 1. Therefore,
the unique value A1 = 1 is obtained. Using this value of the constant, a somewhat better
agreement is obtained between (11) and experiment, though over a reduced range of 0.65 .
η . 1.2 (Figure 2).
If it is further required that vθ be continuous and differentiable over the domain 0 ≤
η . 1.3 and that the buffer region around ηi is small (the assumtions used in the analysis
of Phillips 16), unique values of ηi and A0 of 0.6065 and 1.3591, respectively, also emerge.
However, using these values for the constants, (10) provides very poor agreement with
experimental data for η . ηi. Ultimately, this only implies that the regions in which (10)
and (11) are valid do not overlap. However, a closer examination of the data of Bailey
and Tavoularis 19 and Phillips and Graham 4 suggests that collapse of the mean tangential
velocity profiles is less robust in the region 0 ≤ η < ηi, especially for the cases of vortices
formed in conditions of intense turbuelnt forcing (Figure 3).
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FIG. 2. Normalized tangential velocity profiles. ◦, Bailey and Tavoularis 19 ; •, Phillips and Gra-
ham 4 ; – – –, Hoffman and Joubert 15 ; ——, (11) with A1 = 1.
FIG. 3. Normalized tangential velocity profiles. ◦, Bailey and Tavoularis 19 ; •, Phillips and Gra-
ham 4 ; ——, (10) & (11); – – –, (8); - - -, (4).
A. Influence of vortex wandering
Because the experimental measurement of vortex flows is often carried out using scanning
velocity probes, the deconvolution of the velocity profiles to remove the effect of random
‘wandering’ has been the subject of a number of studies5,19,21,22. Typically, the effect of
random wandering is assumed to impose a Gaussian distribution upon the location of the
vortex centre (and therefore the origin of η), so that the ‘apparent’ velocity profile v′θ may
6
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be described as a convolution with a Gaussian kernel,
v′θ(x, y) =
1
2πσ2
∫
∞
−∞
∫
∞
−∞
exp
(
−x
2
0 + y
2
0
2σ2
)
vθ(x− x0, y − y0) dx0 dy0, (12)
where σ is the standard deviation of the wandering amplitude (which is assumed isotropic),
and the integral may be evaluated numerically with relative ease. Significantly, Monaghan
and Humble 23 demonstrated analytically that if (4) is substituted into (12) and integrated,
the result is identical to (4), but with vθ and η re-scaled. Consequently, random wandering
will have no effect on a vortex with a velocity profile described by (4) when scaled on inner
parameters. Because the deconvolution of v′θ(η) requires an a priori assumption of the
form of vθ(η), a good agreement between v
′
θ(η) and (4) is usually taken as a necessary and
sufficient condition that the deconvoluted vθ(η) is of the form of (4) as well.
It is, however, important to recognize that for sufficiently large σ, the Gaussian convolu-
tion will drive any function f(x, y) toward the Gaussian (an elegant proof of this is provided
by Devenport et al. 5). Consequently, in conditions of high-amplitude wandering (as will be
the case for vortices formed in conditions of intense free-stream turbulence), the assumption
that good agreement between v′θ and (4) implies good agreement between vθ and (4) may
no longer be valid, and the original form of the vortex may be lost.
To examine this effect, consider the axisymmetric, vortical flow which is well-described
by the expression,
vθ(η)
vθ(1)
=
n∑
k=1
Bkη
2k−1 η ≤ ηo (13)
vθ(η)
vθ(1)
=
C
η
η > ηo, (14)
where ηo > 1 and C is selected to ensure that vθ is continuous. The inner region is given by
(8), but the outer region is forced to vanish for large η, thereby ensuring (12) will remain
finite and positive. If (13) is truncated to k ≤ 3 and constrained by (9), the result is a
tangential velocity profile which will closely ressemble (4) for η . 1.2 and B1 = 1.7720, but
which can easily be modified to represent very different possible rotating flows simply by
varying B1 (Figure 4).
An error parameter φ is then defined, as
φ =
∣∣∫ ηo
0
v∗θ dη −
∫ ηo
0
v′θ dη
∣∣∫ ηo
0
v∗θ dη
, (15)
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FIG. 4. Normalized tangential velocity profiles given by (14) truncated to the fifth order, with
ηo = 1.2. - - -, (4).
where v∗θ is the tangential velocity profile of the nominal Batchelor q-vortex, given by (4). φ
provides a measure of the error between the convoluted tangential velocity profile and the
expected form. Figure 5 shows isocontours of φ as a function of σ and B1, for a range of
rotating flows described by (13) and (14). For σ/rc & 0.5, φ is nearly insensitive to B1,
and for all B1 in this range, φ ≤ 0.02, which is well within the level of error typical of
experimental measurements.
FIG. 5. Isocontours of the error parameter φ as a function of σ and B1, with ηo = 1.2.
Because the magnitude of σ required to cause v′θ to approximate v
∗
θ decreases as vθ
approaches v∗θ
5, the validity of the assumption that the deconvoluted velocity profile is of
the form of (4) may be assessed by applying the convolution (12) to a tangential velocity
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field which is highly non-Gaussian. As a limiting case, consider the discrete, axisymmetric
tangential flow field described by
vθ(η)
vθ(1)
= 1 1− ǫ ≤ η ≤ 1 + ǫ
vθ(η)
vθ(1)
= 0 η < 1− ǫ & η > 1 + ǫ (16)
where ǫ is arbitrarily small. Though this flow field is clearly nonphysical, any real velocity
field (having nonzero tangential velocity away from η = 1) will begin to approximate (4)
for smaller values of σ when subjected to the Gaussian convolution. Figure 6 (a) shows the
convoluted tangential velocity fields resulting from (16) for a range of σ/rc. For σ/rc & 0.8,
the resultant v′θ approaches (4) to within typical experimental uncertainty. Furthermore,
when the corresponding circulation is plotted on the usual semilogarithmic axes (Figure 6 b),
the curves are well-approximated by (5) for σ/rc & 0.6. Given that values of σ/rc exceeding
0.5 are not uncommon, especially within tip vortices far downstream of the generating
wing or those produced in intense free-stream turbulence19, great care must be taken in
implementing any deconvolution procedure in these circumstances.
B. Influence of spatial averaging
It is common in the analysis of experimental wake scans to infer the circulation profile
by evaluating area integrals of vorticity and applying Green’s theorem, so that
Γ(r) =
∫∫
A(r)
ω(x, y) dA (17)
where ω is the streamwise component of vorticity and A(r) is often taken as the area bounded
by a circle of radius r. The resulting circulation estimate is then necessarily a spatial average.
Consequently, it may be expected that a stationary system of discrete, similar co-rotating
vortices will result in a circulation distribution approximating that of a Batchelor q-vortex
if the vortices are distributed normally about the origin, and if there are a sufficiently
large number of vortices in the system. However, this is unlikely to be of any practical
significance, as the number of distinct co-rotating vortices commonly observed in tip-vortex
and vortex generator experiments rarely exceeds 3 or 418. On the other hand, it is possible
that a discrete vortex sheet rolling up into a spiral around the origin may result in a normal
radial distribution of circumferentially-averaged vorticity. Since incompletely-developed tip
9
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FIG. 6. Normalized velocity and circulation fields described by (16) subjected to random wandering
with σ/rc = 0, 0.2, 0.4, 0.6 and 0.8. (a) - - -, (4); (b) - - -, (5).
vortices may be represented in this way, the specific trajectory of the vortex sheet rolling
up in the near-field of a wing should be considered further.
Moore and Saffman 24 showed that, for the case of self-induced roll-up of an inviscid vortex
sheet, the resulting tangenial velocity field is well-approximated by vθ ∝ 1/
√
r. This result
agrees very poorly with experimental measurements, as viscous effects are not negligible in
this flow. Devenport et al. 5 provide experimental trajectories for a typical finite wing vortex
sheet during roll-up, normalized against the position of the vortex centre ξ (which varies
as a function of downstream distance) and corrected for vortex wandering; these results are
reproduced in Figure 7 (a). The spiral is very well approximated in polar coordinates by
the expression,
ρ(θ) ∝ exp(kθ2), (18)
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where ρ is the radial position of the vortex sheet and k ≈ 0.028 (Figure 7 b). If the strength
of the vortex sheet is assumed to be constant along its length (Devenport et al. 5 show a
variation in vorticity of ∼ 10% in the roll-up region, which also suggests that the wing
loading was reasonably uniform) and the spiral is assumed to start at the origin, then the
circulation will be proportional to the path length of the spiral (18), yielding,
Γ(η) = g
∫ θ
θi
(
1− 2 exp(kθ20) + (1 + 4k2θ20) exp(2kθ20)
)1/2
dθ0, (19)
where g is a scaling factor, θi = 0 and θ =
√
ln(1 + η)/k. Expanding (19) as a series and
integrating yields, to the leading order, a normalized circulation profile of
Γ(η)
Γc
=
ln(1 + η)
ln(2)
, (20)
which is notably independent of k. When plotted in the usual semilogarithmic axes, (20)
begins to closely approximate (2) for η & 0.8 (Figure 8). Consequently, in at least some cases,
it is possible that good agreement between a circulation profile obtained from experimental
tip vortex wake scans and (2) at larger η may be in part the result of the spatial averaging
of discrete turns of the vortex sheet by the implementation of (17).
It is also very interesting to note that by carrying out the integration in (19) over a range
which does not extend to the origin, it is possible to achieve much better agreement between
the resulting circulation profile and that expected from a self-similar vortex. Practically, this
flow could be equivalent to the very beginning of the roll-up process, prior to the formation
of a well-developed core. Figure 9 compares the circulation profile obtained from (19) to the
‘universal’ circulation profile (5) for one particular case where θi > 0, and demonstrates that
very good agreement is achieved over the range 0.4 . η . 1.1. While this good agreement
for particular values of θi may be spurious, the trajectory of the vortex sheet agrees well
with the experimental measurements of Devenport et al. 5 (Figure 9 inset), which was found
to be independent of streamwise distance from the generating wing.
III. CONCLUSIONS
The circulation profiles of vortex flows have previously been shown to collapse remarkably
well when scaled on core parameters. However, it is demonstrated that, for wandering
amplitudes within the range of those observed experimentally, the Gaussian convolution
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FIG. 7. Trajectory of vortex sheet during tip vortex roll-up (reproduced from Devenport et al. 5),
in (a) cartesian coordinates, and (b) polar coordinates. - - -, (18); ——, Devenport et al. 5 . The
origin is taken as the location of maximum streamwise vorticity.
resulting from the vortex wandering can cause any positive, axisymmetric flow field having
zero velocity at η = 0 and η → ∞ to converge upon the ‘universal’ circulation profile
obtained for the case of a Batchelor q-vortex. Furthermore, it has been demonstrated that a
similar result may be obtained at larger η for incompletely-developed wing-tip vortices. Care
must therefore be taken in the implementation of any deconvolution procedure to remove the
influence of vortex wandering, as a good agreement between the circumferentially-averaged
mean tangential velocity field and the Batchelor q-vortex may not necessarily imply that
the true vortex velocity profile also agrees well with the q-vortex.
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FIG. 8. Scaled circulation profile resulting from a vortex sheet rolling up with a trajectory described
by (18). ——, (19); - - -, (2).
FIG. 9. Scaled circulation profile resulting from a vortex sheet rolling up with a trajectory described
by (18), with θi > 0. ——, (19); - - -, (5). Inset: ——, trajectory of spiral over which integration
has taken place; - - -, re-scaled experimental results of Devenport et al. 5 .
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